Population Monte Carlo has been introduced as a sequential importance sampling technique to overcome poor fit of the importance function. In this paper, we compare the performances of the original Population Monte Carlo algorithm with a modified version that eliminates the influence of the transition particle via a double Rao-Blackwellisation. This modification is shown to improve the exploration of the modes through an large simulation experiment on posterior distributions of mean mixtures of distributions.
Introduction
When Cappé et al. (2004) introduced Population Monte Carlo (or PMC) as a repeated Sampling Importance Resampling procedure, the purpose was to overcome the shortcomings of Importance Sampling (abbreviated to IS in the following) procedures, while preserving the advantages of IS compared to alternatives such as Markov Chain Monte Carlo methods, namely the possibility of developing parallel implementations, which becomes more and more important with the generalisation of multiple core machines and computer clusters, and of allowing for easy assessment of the Monte Carlo error and, correlatively, for the development of on-line calibration mechanisms.
Indeed, adaptive Monte Carlo naturally answers the difficulties of finding a "good" importance function in IS by gradually improving this importance function against a given target density, based on some form of Monte Carlo approximation. Previous simulations are used (see, e.g., Douc et al., 2007a,b) to modify proposal distributions represented as mixtures of fixed proposals in order to increase the weights of the most appropriate components. When the proposal is inspired from random walk structures as in Metropolis-Hastings algorithms and when the update of those weights is too crude, as in Cappé et al. (2004) , the improvement is so short-sighted that multiple iterations do not increase the efficiency of the method, unless a Rao-Blackwell step is added to replace the actual proposal with the mixture proposal in the importance weight (see Douc et al., 2007a) . More recently, * This work has been supported by the Agence Nationale de la Recherche (ANR, 212, rue de Bercy 75012 Paris) through the 2006-2008 project Adap'MC. The third author is particularly grateful to Andrew Barron for his suggestion to look at biased datasets in the context of mixtures, during the Bayesian Nonparametric Workshop in Roma, June 2004. Cappé et al. (2007) have thus replaced random walk proposals based on earlier samples with a new PMC scheme with parameterised proposals whose parameters are estimated from earlier samples, leading to a monotonic decrease in the entropic distance to the target distribution. There is indeed a myopic feature in random walk proposals, namely that, once a (first) sample has exhibited some high density regions for the target distribution, the algorithm is reluctant to allow for a wider exploration of the support of the target and it may thus miss important density regions, missing the energy to reach forward to these other regions of interest.
In this paper, we nonetheless focus on random walk proposals because those kernels are more open to complex settings than on independent proposals-the later indeed require some preliminary knowledge about the target or else an major upgrade in computing power to face a much larger number of components in the mixture. More precisely, we present an experimental assessment of the use of a so-called double Rao-Blackwellisation scheme towards a better exploration of the modes of the target distribution. The second Rao-Blackwellisation step used in this double Rao-Blackwellisation scheme is essentially an integration over the particles of the previous sample used in the random walk proposal. While this leads to an additional computing cost in the derivation of the importance weights, double Rao-Blackwellisation undoubtedly brings a significant improvement in the stability of those importance weights and therefore justifies (in principle) the use of this additional step. Nevertheless, since an analytic proof of this improvement brought by double Rao-Blackwellisation is too delicate to contemplate, we use an intensive Monte Carlo experiment to establish the clear improvement in the case of a posterior distribution associated with a Gaussian location mixture and a sample with outliers-in order to increase the number of modes.
The paper is organised as follows: In Section 2, we recall the basics of our population Monte Carlo algorithm and we introduce the double Rao-Blackwellisation modification. In Section 3, we motivate the choice of Gaussian mean mixtures as a worthy Monte Carlo experiment to test the mode finding abilities of both algorithm. Section 4 describes the implementation of the Monte Carlo experiment and describes the results. Section 5 contains a short discussion.
Population Monte Carlo
Given a target distribution with density π that is known up to a normalising constant, the grand scheme of PMC is the same as with other Monte Carlo-including MCMC-methods, namely to produce a sample that is distributed from π without resorting to direct simulation from π. Let us recall that, once a sample (X 1 , . . . , X N ) is produced by sampling importance resampling (see, e.g., Casella, 2004, Marin and , i.e., by first simulating X i ∼ f (x), second producing importance weights ω i ∝ π(X i )/f (X i ), and third resampling the X i 's by multinomial/bootstrap sampling with weights ω i , this SIR sample provides an approximation to the target distribution π and can be used as a stepping stone towards a better approximation to π.
PMC basics
In the PMC algorithm of Cappé et al. (2004) , if
is a sample approximately distributed from π, it is modified stochastically using an arbitrary Markov transition kernel q(x, x ) so as to produce a new sample
. Conducting a resampling step based on the IS weights ω i = π(X i )/q(X i , X i ), we then produce a new sample (X 1 , . . . ,X N ) that equally constitutes an approximation to the target distribution π. It is however necessary to stress that, as established in Douc et al. (2007b) , repeating this scheme in an iterative manner is only of interest if samples that have been previously simulated are used to update (or adapt) the kernel q(x, x ): a kernel q that is fixed over iterations does not modify the statistical properties of the samples.
The choice made in Douc et al. (2007b) of an adaptive proposal kernel q represented as a mixture of fixed transition kernels q d ,
can improve the efficiency of the kernel in terms of deviance (or relative entropy) from the target density. To achieve such an improvement, the weights α 1 , . . . , α D must be tuned adaptively at each iteration of the PMC algorithm.
Weight updating
If α t = α t 1 , . . . , α t D denote the mixture weights at the t-th iteration of the algorithm (where t = 1, . . . , T ), the update of the α t 's of Douc et al. (2007b) takes advantage of the latent variable structure that underlines the mixture representation, resulting in an integrated EM (ExpectationMaximisation) scheme. In the current setting, the latent variable Z is the standard component indicator in the mixture (see, e.g., Marin et al., 2005) , with values in {1, . . . , D} such that the joint density f of x and z given x satisfies f (z) = α z and f (x |z, x) = q z (x, x ) .
The updating mechanism for the α d 's then corresponds to setting the new parameter α t+1 equal to arg max
where the inner expectation is computed under the conditional distribution of Z for the current value of the parameter, α t , i.e.
Single Rao-Blackwellisation updates
Given that (2) is not available in closed form, the adaptivity of the proposed procedure is achieved by approximating this actualising expression based on the sample that has been previously simulated. The implementation of the standard PMC algorithm relies on an arbitrary initial proposal µ 0 that produces a pre-initial sample (X 1,−1 , . . . , X N,−1 ) , with importance weights π(X i,−1 )/µ 0 (X i,−1 ). This initial sample allows for the derivation of a sample
approximately distributed from π, using importance sampling based on those weights. The algorithm then picks arbitrary starting weights α 0 d in the N -dimensional simplex to produce a (truly) initial sample (X 1,0 , . . . , X N,0 ) from the mixture
In the detail of its implementation, the production of this initial sample is naturally associated with latent variables (Z i,0 ) 1≤i≤N that indicate from which component d of the mixture the corresponding X i,0 has been generated (i = 1, . . . , n). From this stage, Douc et al. (2007b) proceed recursively. Starting at time t from a sample (X 1,t , . . . , X N,t ) , associated with (Z i,t ) 1≤i≤N and with the current value of the weights α t,N , the normalised importance weights of the sample point X i,t is provided bȳ
To approximate the update step (2) in practice, an initial possibility is
where the sum does not need renormalisation because theω i,t sum up to 1 (over i).
This choice is however likely to be highly variable when N is small and/or the number of components D becomes larger. To robustify this update, Cappé et al. (2007) introduce a RaoBlackwellisation step (see, e.g., Robert and Casella, 2004, Section 4 .2) that consists in replacing the Bernoulli variable 1{Z i,t = d} with its conditional expectation given X i,t andX i,t−1 , that is,
This replacement does not involve a significant increase in the computational cost of the algorithm, while both approximations are converging to the solution of (2) as N grows to infinity.
Double Rao-Blackwellisation
While Cappé et al. (2007) showed through two experimental examples that the above Rao-Blackwellisation step does provide a significant improvement in the stability of the PMC weights (and, thus, in fine, a reduction in the number of iterations), there remains an extra-source of variation in the importance weights (3), namely the dependence ofω i,t on the previous sample point (or particle) X i,t−1 . Even though this dependence illustrates the fact that X i,t is indeed generated from the mixture
and is thus providing a correct IS weight, it also shows a conditioning on the result of a (random) multinomial sampling in the previous iteration that led to the selection ofX i,t−1 with probabilitȳ ω i,t−1 . In other words, by de-conditioning, it is also the case that the sample point X i,t has been generated from the (integrated) distribution
when averaging over all multinomial outputs. This double averaging over both the components of the mixture and the initial sample points is the reason why we call this representation double RaoBlackwellisation.
The appeal of using (4) is that not only does the averaging over all possible sample points provide a most likely stabilisation of the weights, but it also eliminates a strange feature of the original approach, namely that two identical values x i,t and x j,t = x i,t could have different importance weights simply because their conditioning sample valuesX i,t−1 andX j,t−1 were different. Naturally, the replacement of the importance sampling distribution in (3) by (4) has a cost of O(N 3 ) compared with the original O(N 2 ), but this is often negligible when compared with the cost of computing π(X i,t ). (We also stress that some time-saving steps could be taken in order to avoid computing all the q d (X j,t−1 , X i,t ) by considering first the distance between X j,t−1 and X i,t and keeping only close neighbours within the sum although the increase in computing time in our case did not justify the filtering.) In the following experiment, the additional cost resulting from the double RaoBlackwellisation does not induce a considerable upsurge in the computing time, even though it is not negligible. We indeed found an increase in the order of three to five times the original computing time for the same number N of sampling values. This obviously fails to account for the faster stabilisation of the IS approximation resulting from using double Rao-Blackwellisation. Note also that double Rao-Blackwellisation does not remove the need to sample theX j,t−1 's: indeed, when simulating each new X i,t from (4), we need to first select whichX j,t−1 is going to be conditioned upon, then second determine which component is to be used.
The Gaussian mean mixture benchmark
As benchmark for our Monte Carlo experiment, we consider the case of a one-dimensional Gaussian mean mixture distribution, namely
with p, σ 2 1 and σ 2 2 known and θ = (µ 1 , µ 2 ) being the parameter of the model, as in Marin et al. (2005) . Using a flat prior on θ within a square region, we are thus interested in simulating from the posterior distribution associated with a given sample (x 1 , . . . , x n ). The appeal of this example is that it is sufficiently simple to allow for an explicit characterisation of the attractive points for the adaptive procedure, being of dimension two, while still illustrating the variety of situations found in more realistic applications. In particular as already explained in Marin et al. (2005) , the model contains at least one attractive point that does not correspond to the global minimum of the entropy criterion as well as some regions of attraction that can eventually lead to a failure of the algorithm when the data (x 1 , . . . , x n ) is not simulated from the above mixture but by clumps that induce more modes in the posterior. Figure 1 illustrates quite well the diversity of posterior features when changing the repartition of the sample (x 1 , . . . , x n ). We stress the fact that those samples, called artificial samples, are not resulting from simulations from (5) but from simulations from a normal mixture with five equal and well-separated components centred in µ 1 = 0 and ±µ 2 , ±2µ 2 , and with variances 0.1. This choice was made in order to increase the potential number of modes on the posterior surface when modelling the data with (5).
Monte Carlo experiment
Given the target distribution defined by (5), we want to study the improvement brought by the double Rao-Blackwellisation (4) in terms of mode degeneracy, as well as to ascertain the additional cost of using double Rao-Blackwellisation. We therefore study the performance of both single and double Rao-Blackwellisation PMC over a whole range of samples, with various values of n and of the parameters p, µ 2 and σ 2 (since we can always use µ 1 = 0 and σ 1 = 1 without loss of generality).
Automatic mode finding and classification
A first difficulty, when building this experiment, is to determine the number of modes on the posterior surface for the data at hand. We achieve this goal by first discretising the parameter space in (µ 1 , µ 2 ), and then recovering the modal points by a brute-force search for maxima and saddle-points over the grid and then identifying their basins of attraction. (The algorithm is based on multidirectional calls to the function turnpoints() of the pastecs package.) This is obviously prone to overlook some small local modes but it also allows for a quick identification of the modal regions and of their exploration by the PMC algorithm. Table 1 illustrates the results of this procedure for a range of values of (n, p, µ 2 , σ 2 ). When conditioning upon (µ 2 , σ 2 ) the number of modes is increasing in µ 2 (since the simulated samples include five clusters that are better separated) and slightly decreasing in σ 2 (for apparently the same reason). A similar table varying upon the pair (n, p) does not show much variation in the number of modes (which does make sense, since only the relative magnitudes of the modes are changing).
(σ 2 , µ 2 ) 
Output
The experiment was run on 4860 samples on seven different machines for a total of 238140 simulations, using the same machine for both single and double Rao-Blackwellised versions at a given value of the parameters in order to keep the CPU comparison sensible. As seen from Table 2 , the CPU time required to implement the double Rao-Blackwellised scheme is five to three time higher than the original PMC scheme, the additional time decreasing with n. (This CPU time does not include the mode finding and storing steps that are required for the comparison. It only corresponds to the execution of a regular PMC run with 10 iterations.) Note also that the increase in computing time is certainly less than linear. Both single and double Rao-Blackwellisation PMC samplers were used on the same samples, with different values of p, σ 2 and µ 2 .
Turning now to the central tables, Tables 3-6, we can see that the influence of σ 2 on the detection of the modes is relatively limited, in opposition to the influence of µ 2 . As µ 2 increases (recall that µ 1 = 0), a larger fraction of modes gets undetected. Both after 5 and 10 iterations of PMC, the performances of the double Rao-Blackwellised scheme are superior to those of the single Rao-Blackwellisation in terms of mode detection, by a factor of about 5%. Running the PMC algorithm longer clearly has a downward impact on the number of detected modes, even though this impact is quite limited. It however points out the major issue that importance sampling algorithms like PMC are mostly unable to recover lost modes. Another interesting feature is that single RaoBlackwellisation suffers more from the loss of modes between 5 and 10 iterations, compared with double Rao-Blackwellisation. As expected, the later is more robust because of the average over all past values in the PMC sample. Figure 2 presents the evolution of the capture rate for the single and the double Rao-Blackwellisations as a function of µ 2 after 5 and 10 iterations, obtained by averaging Tables 3-6 over σ 2 .
If we consider instead the output of this simulation experiment decomposed by the values of n and p, in Tables 7-10, a main feature is the quick deterioration in the exploration of the modes as n increases. This is obviously to be expected given that the more observations, the steeper the slopes of the posterior surfaces. Thus, for small values of n, both types of Rao-Blackwellised PMC algorithms achieve high coverage rates, but larger values of n lead to poorer achievements. Once again, the robustness against the number of PMC iterations is superior in the case of the double Rao-Blackwellisation. Figure 3 presents the evolution of the capture rate for the single and the double Rao-Blackwellisations as a function of the sample size n after 5 and 10 iterations, obtained by averaging Tables 7-10 over p. Figure 4 illustrates the superior performances of the double Rao-Blackwellisation strategy, compared to the single one in terms of modes detection. Those three graphs plot side by side for a given sample the repartition of the PMC samples in the modal domains. The colour codes are associated with the five possible variances used in the 5 kernel proposal. In those three experiments, the persistence of the samples in all modes, as well as the concentration in the regions of importance, is noticeable. Both rows of Figure 4 interestingly contain a ridge structure in one of the modal basins. Table 9 for the double Rao-Blackwellised PMC algorithm. 
Conclusions
The double Rao-Blackwellised algorithm provides a more robust framework for adapting general importance sampling densities represented as mixtures in the sense that the influence of the starting points diminishes when compared with the original algorithm. It is thus unnecessary to rely on a large value of the number T of iterations of the PMC algorithm: with large enough sample sizes N at each iteration-especially on the initial iteration that requires many points to counter-weight a potentially poor initial proposal-, it is quite uncommon to fail to spot a stabilisation of both the estimates and of the entropy criterion within a few iterations.
